Abstract. An explicit version of the inversive congruential method with power of two modulus for generating uniform pseudorandom numbers is introduced. Statistical independence properties of the generated sequences are studied by means of the serial test. The method of proof relies on a detailed analysis of certain exponential sums.
INTRODUCTION
Several nonlinear congruential methods of generating uniform pseudorandom numbers in the interval [0,1) have been introduced and analyzed in the last few years. A review of the development of this important area is given in the survey articles [3, 4, [16] [17] [18] [20] [21] [22] and in H. Niederreiter's excellent monograph [19] . The most promising approach is the inversive congruential method, which is typically considered with respect to a prime modulus (cf. [1, 5, 7, 11, 14, 15] ) or a power of two modulus (cf. [2, 6, 8, 9, 14] ). The latter case is studied in the present paper.
Let m = 2W for an integer oe > 5. An inversive congruential sequence iyn)n>o is usually defined by the recursion yn+i = ay~x + b (modm), where a and b are integers with a = 1 (mod4) and b = 2 (mod4) and y~x denotes the multiplicative inverse of y" modulo m . In the present paper an explicit version of this inversive congruential method is introduced and studied. This approach is motivated by very attractive results for an explicit version of the inversive congruential method with prime modulus (cf. [7, 21, 22] ). In the following let Z" = {0, 1,...,«-1} for integers n>2, and write Z* for the set of all odd integers in Z" . For integers a £ Zm with a = 2 (mod 4) and b £Z*m an explicit inversive congruential sequence (yn)n>o of elements of "L*m is defined by yn = (an + b)~x (modm), n > 0.
A sequence (x")">o of explicit inversive congruential pseudorandom numbers in the interval [0, 1) is obtained by x" = y"/m for n > 0. It follows at once from the condition a = 2 (mod 4) that any explicit inversive congruential sequence is purely periodic with maximal period length m/2, i.e., are used. An explicit inversive congruential generator passes the k-dimensional serial test if Z>j*j2 is reasonably small. According to the law of the iterated logarithm for discrepancies (cf. [12] ), D^L should be of an order of magnitude m~xl2 , since the discrepancy of N independent and uniformly distributed random points from [0, \)k is roughly A~1/2(loglogA01</2 . In the present paper, upper and lower bounds for the discrepancy D^L are established. The second section contains several auxiliary results. The main results are given in the third section. Their proof is based on a thorough evaluation of certain exponential sums. The reader is referred to [ 13] for background material on this topic. In the fourth section the behavior of explicit inversive congruential generators under the serial test is discussed.
Auxiliary results
First, some further notation is necessary. For integers k > 1 and q > 2, let Ck(q) be the set of all nonzero lattice points (h\, ... ,hk) £ Zk with -q/2 < hj < q/2 for 1 < j < k. Define 
In the following, for a fixed integer a £ Zm with a = 2 (mod 4), the mapping <¡> = (<¡>x, (f>2) : I? -> Z2 is defined by <f>(y, z) = ((ay + \)(az + 1), y -z).
For integers a > 3 let Na = {(s, t)£Z\a | ¿ = 0(mod2),s = 2i+ 1 (mod8)}.
Observe that <j>(y, z) (mod2a) 6 Na for odd integers y and z. The following technical result is used later on in the proof of Lemma 5.
Lemma 4. Let (s, t) £ Na for some integer a > 3. Then there exists exactly one (y, z) £ Z*"_2 x Z\a with <t>(y, z) = (s, t) (mod2a).
Proof. For integers a > 3 and (s, t) £ Na , let Ma(s, t) = {(y, z) £ Z\a x Z\a | <p(y, z) = (s, t) (mod2a)}.
Below, it is proved by induction on a > 3 that for (s, t) £ Na the set Ma(s, t) contains exactly four elements, and that any two elements (y, z), (y', z') £ Ma(s, t) satisfy (y, z) = (y', z') + 2a-2(X, X) (mod2a) for some X £ Z4 . This statement is equivalent to the assertion of Lemma 4, since <f>(y + 2a~2, z + 2a~2) s <p(y, z) (mod 2a)
for integers y and z .
For a = 3 the above statement can be shown by inspection. Now, assume that it is valid for some integer a > 3. Let (s, t) £ Na+i be fixed. Then (s, t) (mod2a) £ Na and the assumption implies that there exists an element (ya, za) £Z*2ax Z\a with (¡)(ya, za) = (s,t) (mod2a). Hence, <b(ya, za) = (5,i) + 2a(s, t) (mod2a+1) with suitable s, t £ Z2. In the following, let (y, z) e Z*a+Í x Z2a+¡ be an arbitrary element. It suffices to consider the case (y, z) (mod2Q) £ Ma(s, t), since otherwise (y, z) cannot belong to the set Ma+i(s, /). Therefore, by the assumption, (y , z) = (ya, za) + 2a~2(X, X) (mod2a) with a suitable X £ Z4.
Hence, one obtains where X' = X + 2y £ Z4 . Consequently, the set Ma+i(s, t) contains exactly four elements, and any two elements (y, z), (y', z') e Ma+i(s, t) satisfy (y, z) = (y', z') + 2a-x(X, X) (mod2Q+1) for some X £ Z4, which yields the desired result. D
A crucial role in the present paper is played by certain exponential sums, which are defined by for all dimensions k > 3 . D
Conclusions
Theorem 1 shows that D^2 = 0(m~xl2(logm)2) for any explicit inversive congruential sequence, where the implied constant is absolute. It should be observed that this bound is independent of the specific choice of the parameters a (and b) in the explicit inversive congruential method. Theorem 2 implies that the upper bound is best possible, up to the logarithmic factor, since the discrepancy Dm\2 of any explicit inversive congruential generator has an order of magnitude at least m~xl2 . Hence, Theorems 1 and 2 show that the discrepancy Dm\2 is in accordance with the law of the iterated logarithm for discrepancies. In this sense, explicit inversive congruential pseudorandom numbers behave like true random numbers. However, Theorem 3 implies that any explicit inversive congruential sequence fails the serial test for all dimensions k > 3, since the corresponding discrepancy Dik)2 is of an order of magnitude at least m-1/3. Consequently, an upper bound for the discrepancy D^j2 with k > 3, which is basically in accordance with the law of the iterated logarithm, cannot be obtained, since the order of magnitude m-'/3 is already too large. This behavior of the explicit inversive congruential method with power of two modulus is a serious disadvantage compared to the situation for a prime modulus, where the discrepancy of A:-tuples fits to the law of the iterated logarithm for any dimension k > 2 (cf. [7, 21, 22] ).
